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Generalities

Definition

Force identificationis an inverse problem aiming at characterizing some features of the sources exciting a mechanical structure

Types of problems

1. Localization

Unknown source location

8 Vibrationsensor
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Generalities

Restriction
Inthis lecture, we restrict ourselves to reconstruction problems expressed as a linear system
X=HF +N

« X isthe measured vibration field
« H describes the dynamic behavior of the structure (LTI assumption)
« Fisthe excitation field to reconstruct

« N isthe noise corrupting the vibration data

" This talk will not cover methods such as Kalman Filters, Neural Networks, Virtual Fields, ...
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State of the art

Leading example Free-free steelbeaminthe frequency domain

B Excitation point
® Acceleration measurements

« Unitharmonic point force @ 350 Hz

e Measurement noise level - 20dB

« Datageneration - A\ Inverse crime
= X - Modal expansion (8 modes, fg~ 992 Hz)
= H - FEM (20 beam elements)

= Colocated reconstruction configuration

= Equal-determined inverse problem

10



Main objective
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State of the art

Naive reconstruction

F=H'X
What's wrong ?
T T , I I
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Naive reconstruction
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State of the art

What's wrong ?

e Formally, one has:

21
— v;iull N
F = Ftrue + E
; g;
1=1

- But Hisill-conditioned - k(H) ~ 1300

Here og; ~ 2.5 - 1072

= The noise is amplified by the smallest singular values

= [ll-posed inverse problems in Hadamard sense



State of the art

Ordinary Least Squares (OLS)

Idea Find F minimizing the sum of the squared errors

F = argmin ||X — HF||3
F

What's wrong ?
!
5 i ]
'\ :. _ _gifserence « Formally, one has:
1 1
I ! — _
;. ok F=(HYH) 'H"X
— I
< ! Il : I| "\
H = "\ N But using the SVD
1 ] 1 ,\ 1 1 1 \ ¢
L? 0 ‘- I I| Z ‘\ l’ - ! /l*\\ A 'l\‘ > 21
-% R ’: . “ : || p N ,' “I v —~ V; qu X
= || : Y v vy ! F= Z .
© 1 \ 1 ! . oF)
o) L ! 1 1=1
o .
. 'Il' = Same as the naive approach ! (equal-det. problems)
] .
5 | ', | = Useful for over/under-determined problems
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State of the art

Truncated SVD

Idea Filter the smallest singular values of H

In practice Retain the first M singular values (M < 21) such that

f _ Z VillZHX

ok}

M
1=1

How to select M ?

14



State of the art

One possible solution L-curve principle

M
Lo(M) = (|[X = HOM)E |, [|F],) with H(M) = Y su;v]!
1=1

L-curve

14
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One possible solution L-curve principle
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L-curve

State of the art
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State of the art

Application
1 . ! .
” Reference
— = TSVD
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Soef |
§ = Not adaptedto sparse sources
LL
L 04 ) .
(o
g 1\,
F: 1
(04 02 B I \ 4
/ \
\ s . / \ 2 = o
0 N\ P ; '\ ; ~ P al
= l \|/ l |’
0 0.2 0.4 0.6 0.8 1



State of the art

Whattodo?

Constrainthe space of admissible solutions'!



State of the art

L5 -regularization Tikhonov regularization

F = argmin ||X — HF|? subjectto ||F|2 <
F

18



State of the art

L5 -regularization Tikhonov regularization

F = argmin || X — HF|3 + A F||3
F

How to select A?

In practice Many methods are available

« Morozov's discrepancy principle
Generalized Cross Validation (GCV)
Reginska's method

Bayesian Estimator

L-curve principle
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State of the art

L5 -regularization Tikhonov regularization

F = argmin || X — HF|3 + A F||3
F

How to select A ?

In practice Many methods are available
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£5-regularization Application

Solution norm - || F|I,
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£5-regularization Application

Solution

State of the art

F = (HIH + 1) 'HEX

” Reference

= = L,-reg.
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o Low passfiltering effect = Smooth solution

= Not adaptedto sparse sources

How to explain this result ?

19



Filter factors Basics

where f; is thefilter factor defined such that

TSVD

1 fori< M
fi{ -

0 otherwise

State of the art

21
_ viullX
F=> f
, O
1=1

£ -regularization

)
g;
o7 + A

fi =

20



Filter factors Inaction
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Zq-regularization Generalities

State of the art

F = argmin || X — HF|? + A|F/
F

« The smaller qis, the largeris the weight on small values of F

Unit circle - |x|9+ |y|9

0.5

-05 1

*
.
.
.
gpun®
l....
Y

« For large values of F, the smaller q is. the smaller is the weight on

q=0.5 these values

X O fimmny

= g > 2-Smooth solution

= q < 1-Sparse solution

A Non-convex minimization problemwheng < 1

22



State of the art

Zq-regularization Numerical resolution

The first-order optimality condition for the ﬁq—regularization leads to

—~ —~ 1 —~ g—
F= (H'H+\W(F)) HX with wy = 2|R["

= |mplementation of an iterative process

Bk — (HH H A““)W(f(k—l))) T HAX

23



State of the art

£,-regularization Numerical resolution

The first-order optimality condition for the Eq—regularization leads to

—~ —~ 1 —~ g
F = (HHH + )\W(F)) H”X with Wi = g’FfL’q ?

= |mplementation of an iterative process

F®) — argmin |X — HF|2 + \®|LF|2 with w(ﬁk”) — LAL
F

where A%) is selected from the following L-curve
Lo(A") = (|X = HF(AW) |2, [LF(AP)]|2)
When the iterative process has converged, one has

|ILE|; ~ |[FI|Z

23



Matlab
[F, lamb] = 1g_reg(H, X, g, tol)

size(H, 2)
H'*H;
H'*X;

L = eye(N)

lamb = lcurve(H, L, X);
F = (Hh + lamb*L)\(HXx);
FO = F;

crit = 1;
crit > tol
W = weight(F, q);
L = sqrt(Ww)
lamb = lcurve(H, L, X);
F = (Hh + lamb*W)\HXx;

norm(F - FO, 1)/norm(F0O, 1);

State of the art

£,-regularization Practicalimplementation

Python
lg_reg(H, X, g, tol):

N = H.shape[1]
Hh H.T.conj() @ H
HX H.T.conj() @ X

L = np.eye(N)

lamb = lcurve(H, L, X)

F = spl.solve(Hh + lamb*L, Hx)
FO

np.sqrt (W)
= lcurve(H, L, X)
spl.solve(Hh + lamb*W, HXx)

spl.norm(F - FO, 1)/spl.norm(FO, 1)

24



Kq-regularlzatlon Sparse regularization
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£ ,-regularization Sparse regularization
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State of the art

Summary of regularization strategies

v/ Efficient approaches

v/ Easyimplementation of resolution algorithms

But...

Require external procedures to determine the regularization parameter

Provide only point estimate = No uncertainty quantification of identified solutions

Possible solution ?

26



State of the art

Summary of regularization strategies

v/ Efficient approaches

v/ Easyimplementation of resolution algorithms

But...

Require external procedures to determine the regularization parameter

Provide only point estimate = No uncertainty quantification of identified solutions

Exploit the Bayesian paradigm !

26



Outline

© Bayesian Force regularization
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BFR

Preliminaries Bayes'rule (1763 - posthumously)

Fortwo events A and B

p(A|B) x p(B|A) p(4)

- p(A|B) - Posterior probability distribution
probability of A given a realization of B

- p(B|A) - Likelihood function
probability of B given a realization of A

o p(A) - Prior probability distribution
probability of A without any given conditions

The Bayes' rule updates our prior beliefin A considering new
information brought by an event B

29



Generalities State of the art BFR Extensions

Minimal formulation Basics
When choosingA = Fand B =X

p(F|X) x p(X|F) p(F)

How to choose p(X|F) and p(F') ?

30



BFR

Minimal formulation Likelihood function

The likelihood function describes the probability of the observed data as a function of the parameters of the chosen statistical model. Given our linear
model X = HF + N, itreflectsthe uncertainty related to vibration measurements, i.e. related to measurement noise

Main assumption

The noise is due to multiple independent causes = Gaussian white noise

p(X[F, ) = No(X|HF, 7, T)

31



BFR

Minimal formulation Likelihood function

The likelihood function describes the probability of the observed data as a function of the parameters of the chosen statistical model. Given our linear
model X = HF + N, itreflects the uncertainty related to vibration measurements, i.e. related to measurement noise

Main assumption

The noise is due to multiple independent causes = Gaussian white noise

T \ IV 5
p(X[F,7) = (=) exp (—7a|X — HF|}})

s

- T, - Noise precision (1, > 0)

« IN - Number of measurement points

31



BFR

Minimal formulation Prior probability distribution

The prior probability distribution reflects the uncertainty related to F and can be seen as a measure of our prior knowledge on the sources to identify

Main assumption

F /s areal random vector, whose components are i.i.d. random variables following a Generalized Gaussian distribution

M
p(F|rs,q) = | [ No(Fil7s, 0)
i=1

32



BFR

Minimal formulation Prior probability distribution

The prior probability distribution reflects the uncertainty related to F and can be seen as a measure of our prior knowledge on the sources to identify

Main assumption

F is areal random vector, whose components are i.i.d. random variables following a Generalized Gaussian distribution

p(F|r,q) = (21“(Ci/q)) Tf%exp (=71 F]I2)

e ¢ - Shape parameter of the distribution (g > 0)
e T7 - Scale parameter of the distribution (74 > 0)
o I'(x) - Gamma function

o M - Number of reconstruction points

32



BFR

Minimal formulation Overview

p(F|X, 7,7, q) < p(X|F, 7,) p(F|7¢,q)

Possible exploitations

e MAP estimation - Optimization

« Uncertainty quantification - Sampling

() Deterministic quantities

(O Stochastic quantities

33



BFR

Minimal formulation MAP estimation

The MAP estimation consists in finding the most probable excitation field F' given the available data X, the precision parameters (7, ’Tf) and the shape
parameterq

F = argmax p(F|X, 7., 7¢, q)
F

34



BFR

Minimal formulation MAP estimation

The MAP estimation consists in finding the most probable excitation field F given the available data X the precision parameters (7, T¢) and the shape
parameterq

F = argmax p(X|F,7,) p(F|rs, q)
F

34



BFR

Minimal formulation MAP estimation

The MAP estimation consists in finding the most probable excitation field F given the available data X the precision parameters (7, T¢) and the shape
parameterq

F = argmin — log[p(X[F, )] — log[p(F|7y,q)]

34



BFR

Minimal formulation MAP estimation

The MAP estimation consists in finding the most probable excitation field F given the available data X the precision parameters (7, Tf) and the shape
parameter q

F = argmin | X — HF|? + A|F||? with A = L
F

Tn

MAP estimation = £,-regularization!

34



BFR

Minimal formulation Uncertainty quantification

Idea for posterior sampling Transform the Generalized Gaussian into a multivariate Gaussian distribution

p(F|74,q) o« exp(—7¢|LF|3)
where L¥ L = W is a weigthing depending on F and g

In doing so, one has
p(F|X) o exp(—, || X — HF|; — 7¢||LF]]3)
X M(F“"'Fv Xr)
where pp = 7, B HY X and Xp = (TnHHH + TfW)_l
Drawing samples
F® = pp + Sz with SS7 = =g and z® ~ A, (z¥|0,1)

35



BFR

Minimal formulation Uncertainty quantification

Estimation of 7,, and 7 ¢

My is the solution of the £,-regularization = After convergence of the iterative process, one obtains pty. W and A

From these quantities, the most probable values of 7, and 7¢ given the data are computed such that

(T, Tf) = argmax p(7,, 7¢|X)

(TnsTr)

36



BFR

Minimal formulation Uncertainty quantification

Estimation of 7,, and 7 ¢

My is the solution of the £,-regularization = After convergence of the iterative process, one obtains pty. W and A

From these quantities, the most probable values of 7, and 77 given the data are computed such that

N T
: and ?n:—f

XH(HW-'HH + AI) X

Tp =

36



BFR

Minimal formulation Application

q=2 q=0.5
1 I I I I I T I
" Reference 1k e Reference
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BFR

Minimal formulation Summary

v" MAP is equivalent to Kq—regularization

v/ Easyimplementation of uncertainty quantification

Provided that...

External procedures is implementedto estimate the precision parameters 7, and 7y

The shape parameter q is known a priori

Need for a more comprehensive formulation

38



BFR

Complete formulation Basics

Choosing a priorirelevant values for 7,. T and q is far from an easy task for non-experienced users = Infer them!
Main assumption 7,7 and g areindependent random variables

p(F, Tn, 71,9/X) x p(X|F, 7,,) p(F|7¢, q) (1) P(77) P(q)

e p(7) - Prior distrubution on the precision parameter 7

. p(q) - Prior distribution on the shape parameter g

How to choose p(7) and p(q) ?

39



BFR

Complete formulation Prior distribution p(7) - Gamma distribution

(84

')

7 texp(—B7) with a >0, 8> 0

p(tla, B) = G(7|e, B) =

o (x - Scale parameter

« (3 - Shape parameter

This choice is made for mathematical convenience (conjugate prior), but it does not reflect any real prior information on the precision parameters, except
their positiveness

= Prior distribution on 7 should be as minimally informative as possible (flat prior). For thisreason.a = 1l and 8 = 1018

40



BFR

Complete formulation Prior distribution p(q) - Truncated Gamma distribution

I'(cy)
V(g Byun) — Y(ag, Bylb)

p(qlayg, By, by, up) = G(qlag, B, u,1(9)

e Iy, 4, (@) - Truncation function, defined such that

]I ( ) B 1 Ifq < [lbaub]
[l ]\ D) = 0 otherwise

e ¥(s, x) - Lowerincomplete Gamma function

Requirements
« Expert knowledge= 1l = 0.05andup = 2.05

o Weakly informative distribution=>aq — 1 and ﬂq — 1018

41



BFR

Complete formulation Overview

p(F, 1, 77,9/ X)
p(X‘Fa Tn) p(F|Tf7Q) p(Tn |an7 /Bn) p(Tf‘afa ﬂf) p(Q|aqa Bq)

Possible exploitations

o MAP estimation - Optimization

« Uncertainty quantification - Sampling

(O Deterministic quantities (©) Stochastic quantities

42



BFR

Complete formulation MAP estimation

The MAP estimate of the complete formulation is given by

(Fa Tns Tns q\) — a;gmax p(F7 TnyTf Q‘X)
yTn,Tf,q

The solution of the previous problem can be found by applying the first-order optimality condition to the dual minimization problem. An alternative, but
equivalent, way of solving this problem consists in maximizing the full conditional probability distributions associated to each parameter

g = argmax p(q|X, F, 1,,7y)
q

7r = argmax p(7¢| X, F, 7, q)
Ty

T, = argmax p(7,| X, F, 7¢, q)

Tn

F — argmax p(F|X, 7,7, q)
F

43



BFR

Complete formulation MAP estimation

The MAP estimate of the complete formulation is given by

(F, 7y Ty §) = argmax p(F, T, 77, q|X)
yTnTf,q

The solution of the previous problem can be found by applying the first-order optimality condition to the dual minimization problem. An alternative, but
equivalent, way of solving this problem consists in maximizing the full conditional probability distributions associated to each parameter

G = argmin f(q|F, 7y)

q
= M+Q(af—1)
f— = G
q(By + [IF(13)
" N+ao, —1
Tn

B Bn + HX B HF\H%
F = argmin |X — HF||5 + )‘HFHg
F

where f(qF,7;) = M1logI'(1/q) — % log 7y — [M + g — 1]logq + By g + 7| F[[{and A = 77 /7,

43



BFR

Complete formulation MAP estimation - lterative resolution

Initialization £2-regularization (]’;‘(0)’ A0 : a(o) = 2) + Estimation of T;O) from \(0

Iteration While convergence is not reached do

¢*) = argmin f(q|F\(k_1),?}k_1))

q
) _ M +§"(ey —1)
f . Y )
q®™ (B + || F¢-L) gw))
" Bt |X - HFGD|;

—~ ~(k)
F*) = argmin | X — HF|} + A®||P|,
F

Convergence monitoring 6 = \]f(k) — Fk-1) H1/|’F\(k_1) 1



Complete formulation MAP estimation - Application

o o o
) o~ 0o

Real part - Force (N)
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BFR

Complete formulation Uncertainty quantification - MCMC

Markov Chain Monte Carlo (MCMC) is a class of algorithms that produce sequences of random samples converging to a target distribution for which direct

sampling is difficult

Here, because the full conditional probability distributions are available, a Gibbs sampler (particular case of MH sampler) can be implemented

M/q
pQIXWF?Tn)Tf X ( / ) M+aq_1exp( Iqu_Tf”FHq) lb,’LLb
p Tf‘XaFaTnaq X g(Tf‘O‘f T M/Q7 f HFHq)

i

( )
( )
(70| X, Fy 74, q) o< G(T o, + N, B + || X — HFH2)
( )

P(F|X, 7, 77, ) o exp(—7||X — HF|3 — 7¢|[F|)

Build a markov chain

for each parameter to compute statistics

46



Complete formulation

General scheme

BFR

Uncertainty quantification - Gibbs sampling

1. Set k = Qandinitialize q(O),T,,gO),T}O) and F(0)

2.Draw N samples from full conditional distributions

fork=1: N,
k k-1) (k=1) _(k—1)
. Draw ¢¥) Np(q\X,F( ), Tn ) T} )

. DraWT}k) ~ p(Tf X,F(kl),ﬂgk_l),q(k))
()

e Drawm, ' ~ p(Tn X, F(k—l),TJgk), q(k))
. Draw F() ~ p(F X,Ték),T;k),q(k))
end for

3. Monitor the convergence (stationarity) of the Markov chains
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BFR

Complete formulation Uncertainty quantification - Implementation

Initialization

e £3-regularization (F(O), A(O),q(o)) + Estimation 0f’7'7§0) and 7'](00) from A(0)

e MAP estimate (F(O) 3 T}O) ’ TT(LO)? q(O))

Drawing samples
1.p(q|X, (1) , 775,’“‘1) , T}k_l)) - Non-standard probability distribution = Instance of MH sampler (or HMC, ...)

2.p(7‘i ]X, F(k—1) , T;k_l) , q(k)) - Gamma distribution = RNG implemented in standard programming languages

3.p(F|X, TT(Lk) ; T}k) ; q(k)) - Multivariate Gaussian-like distribution = Procedure defined for the min. formulation

Convergence diagnostic

o Burn-in period - Number of samples to discard at the beginning of the chains (period before convergence)
« Total length - Number of samples required to compute statistics

« Available diagnotics - Raftery-Lewis, Geweke (one long chain), Gelman-Rubin (multiple chains) and more
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BFR

Complete formulation Uncertainty quantification - Application

Initialization : £3-regularization Initialization : MAP estimation

25 “
20
= 15
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5
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
x10 x10 104 104
2 I 2 T T T T
15
(<]
(<]
151 :'é 'g 11§
AN ——— =
L £ E'
5 -
| | ° ot )
0.5 e S
05
2 4 6 8 10 2 4 6 8 10 ) A 6 8 10 ) 4 6 8 10
Samples ID %10% Samples ID x<10% Samples ID %10% Samples ID x10%
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BFR

Complete formulation Uncertainty quantification - Application
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Complete formulation

Normalized density

Normalized density

BFR

Uncertainty quantification - Application

.l | | == Density

95% Cl

0.15 -

011

o5y 1.0481 30.50 16.12 0.240
: 1.0480 31.02 16.27 0244
0 1.0472 29.21 16.09 0.230

EVAYI [1.0079.1.0876] [19.08.45.77] [12.66.20.76] [0.141,0.368]

1 1.05 11
Force amplitude
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Complete formulation

Normalized density

Normalized density

Uncertainty quantification - Application

0.2F
0.15 -
011

0.05

| | == Density

95% Cl

1 1.05

Force amplitude |

BFR

0.9
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Complete formulation

Normalized density

Normalized density

Uncertainty quantification - Application

0.2F
0.15 -
011

0.05

= Density
95% Cl

1 1.05

Force amplitude |

BFR

© o o
~ o~ 0o

Real Part - Force (N)

o
N

1.05

0.95

085}

0.75 r

0.65 |/,

0.58

0.59

0.6

0.61

0.6

Reference
= = MAP-MCMC
MAP- Optim.

0.8
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BFR

Complete formulation Summary

v/ Automatic identification of all the parameters

v/ Robust identification of the excitation field

Can we do better or at least different ?

Yes. of course |



Outline

O Extensions



Extensions

Relevant Vector Regression Basics

RVR is a particular Bayesian approach for which the prior probability distribution over F' is such that

M
F) — F10. 7)) with N(E0, 751) = ] 2F (—@Fﬂ)
pF) = [ (10,73 with NEI0, 734 =\ L exo (-1

The corresponding Bayesian formulation is expressed as

M

p(F, 7, 77,1X) o< p(X|F,7,) | [ p(Fil7s,) p(745) with p(rs:) = G(ry,
1=1

Oéfz',ﬁfz')

Main features
o Implementation of MAP estimation and UQ via Gibbs sampling require minor changes of the algorithms described previously
« More parameters needs to be infered (M + 3 for CBFand 2M + 1for RVR)

« Computationally more efficientthan CBF
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Relevant Vector Regression Application

o o o
B~ o~ (00)

Real part - Force (N)

o
N

Optimization
 0s - Reference
\ - = MAP-RVR
095 —-—-MAP - CBF
- ' ‘\\
085} , / \\
075} \\\
i N
/ \
- 065, N
0.58 0.;59 0;6 0.I61 I 0.62
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Real part - Force (N)

o
N

Extensions

UQ - Sampling
- , Reference
105} /o — = Median/MAP
.| N | 95% Cl
- 085} , .
’ \\ |
075} So T
T 065 :,’ ‘\:
0.58 059 0.6 061 0.62
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Generalities State of the art BFR Extensions

Relevant Vector Regression Why does it work so well?

=1

7=10
0.8+ —===7=100| |
0.6
= =
0.4

0.2




Extensions

Relevant Vector Regression Why does it work so well?

The parameters Ty; and g play a similar role

f(x)

= The larger the value of 7¢;. the closer the value of F;isto0

55



Relevant Vector Regression Why does it work so well?

0.8 [

0.6 -

f(x)

0.4

0.2

=1

7=10

—-—-7=100/ |

Precision parameter T

B~
T

w
T

N
T

><1017

Extensions

Optimization

—
I

(74 = 0.91K“
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0.4 0.6
x (m)

0.8
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Piecewise constant excitation Objective

0.8

Force (N)
o
o~

o
~

0.2

Reconstruct

0.2
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0.8

Extensions
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Generalities State of the art BFR Extensions

Piecewise constant excitation Naive application
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Reference 1 i
25 L ::::Zre?eg g il | None of the strategies described previously is able to properly
.......... MAP - CBE f,,: :“ reconstruct the excitation field !

— — - _ /] 3
2 5 MAP - RVR fl‘!! :l‘ ]
O rg
L 15} f: i : Whattodo?
- Eq g
i t -1 : : :
s 1 i a—i—d 1 Promote piecewise constant solution!
E ¢

0.5 i

0




Extensions

Piecewise constant excitation Intuition

1 . — 20
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Piecewise constant excitation Implementation

Using the discretized first-order derivative operator D

One has the following prior probability distributions

Complete Bayesian formulation

p(F|7y,q) o exp(—¢|DF|[{)

Extensions

_1) (M—1)xM

Relevant vector regression

-
p(Fi|7s;) o eXP(-%lDﬁFiF)
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Extensions

Piecewise constant excitation Application

CBF - Optimization RVR - Optimization
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Extensions

Piecewise constant excitation Application

CBF -UQ RVR - UQ
" - 1 " - e 1 |
Reference Reference
= == Median/MAP - = Median/MAP
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Conclusions

The Bayesian framework provides an efficient and convenient way to combine probabilistic and mechanical data

It allows exploiting one's prior knowledge of the sources to identify

It includes an internal mechanism of regularization

No external procedures are required to infer or optimize all the parameters of the model

Other applicationsin force reconstruction

« Groupregularization - e.g. Identification of external forces and BC on plates

« Mixed-norm regularization - e.g. [dentification of space-frequency/time features of excitation sources

Application in other fields

Image/signal processing (e.g. denoising)

Acoustics (e.g. fault diagnosis, source reconstruction)

Material science, Structural mechanics (e.g. parameter estimation, OMA, cracks detection)

Computer science (e.g. neural networks, bayesian programming)
« Thermal science, Econometrics, Epidemiology. ...
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Only the sky is the limit!

Or, maybe, the quantity/quality of available data,
the complexity of the problem,
the computing power/resources, ...



le cham |

Force reconstruction

A Bayesian perspective

@ https://github.com/maucejo/MOIRA_Workshop_BFR




Generalities State of the art

BFR

Extensions

Well-posed problem in the sense of Hadamard (1902)

o Asolution exist
o The solutionisunigue

o The solution changes continuously with changes inthe data

Back to presentation
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Generalities State of the art

BFR

Extensions

Well-posed problem in the sense of Hadamard (1902)

v A solution exist
v/ The solutionis unique

X The solution changes continuously with changes in the data

Back to presentation
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Generalities State of the art

BFR

Extensions

Well-posed problem in the sense of Hadamard (1902)

v A solution exist
v/ The solutionis unique

X The solution changes continuously with changes in the data

"= The problem considered in this lecture is ill-posed

Back to presentation
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Extensions

Kq -regularization Filter factor analysis at convergence

21 H
_ v,u;' X v
F = —— with f; = -
> fi=
1=1
where y; are the singular values of (H, L) and ; are the singular values of H

Generalized SVD

H=UXY? and L=VQY¥?
Properties of GSVD

SAS L QHQ =T and » = 2°

Wi
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£ ,-regularization Filter factor analysis at convergence

q=1
0O 1
102 ¢ ooocw
— - o ()
3 i o 3 102
S o ° 1028 S
5 0 ® 5
= s =
o i C o
g : _0'6% uE) 0
_ 10
) SO )
0066000 5 .
> : 104 = >
s S 102
s 0 0o 102 2
g o6 g
. 00(}_9_

5 10 15 20
Singular value index

Back to presentation

Extensions

Singular value index

10.8

10.6

10.4

10.2

Filter factor
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Extensions

Properties of Gaussian distributions Marginal and Conditional distributions

Let's consider two random vectors, X andy, such that
p(x) = Ne(x|py, Bx) and p(y|x) = N(y|Ax + b, 3y)
From these distributions, the marginal and conditional distributions, p(y) and p(x|y) are given by

p(y) = Ne(y|Ap, + b, AS,AY +3))
p(xly) = M. (x|Z{A"Z (y — b) + 3, ' u, }, 3)

with S = (AFS 1A +3.1)
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Extensions

Drawing samples from multivariate Gaussian distribution
Let's consider arandom Gaussian vector X such that
p(x) = Ne(x|py, Bic)

By assuming that 2y = SS* onehas

exp[—(x — py) T2 (x — py)] = exp[—{S7(x — ) T {S 7T (x — py)}]

wherez = S~1(x — u,)andz ~ N,.(z|0,I)
Consequently, to draw samples from a multivariate Gaussian distribution with mean gt and covariance matrix 3. it is enough to compute

x® = p_ +8z% with SS# =3, and z® ~ N, (z®0,1)

Back to presentation
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Extensions

Calculation of 7, and 7y

By using the Bayes' rule, the conditional distribution p(7,, 7| X) is expressed as
(7, 74| X) o< p(X |7, 7¢) p(70) P(T)

Assuming thatp(7,) = p(7¢) o< 1. one has

P(7n, T£1X) o p(X|7, Tf) = /p(X|F,Tn)p(F|W,Tf)dF
F

Using the fact that all the conditional distributions are Gaussian, one establishes that
(T, 74| X) o< No(X|0, HW 'H” /74 + 1/73,)
The MAP estimate is found by solving

Tn, Tf) = argmin — log|p(1,, 7/|X
f : ) f
Tn,Tf

T



Extensions

By noting A\ = 7, /T¢. it comes

(7, 7f) = argmin 7 X7 (HW 'H? 4+ AI) 'X — Nlog 7 + log [ HW 'H + Al
(Tn’Tf)

By applying the first-order optimality condition, one finds

N
XA (HW-HF + A1) ' X

Tp =

Back to presentation
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